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Motivation
Extractive text summarization (Kulesza & Taskar, 2012)
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Definitions - Properties

Definition
I {1, . . . , N} indices/labels of items

I images
I sentences
I edges of a graph

I DPP(K) a measure on subsets of {1, . . . , N}
I

K a PSD similarity kernel

I X ⇠ DPP(K) if 8S ✓ {1, . . . , N},

P [S ✓ X ] = det KS

I Existence is guaranteed when 0N � K � IN
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I Geometrical interpretation
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= Vol2 {'i ; i 2 S}
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Definitions - Properties

Diversity
I Negative association

P [{i , j} ✓ X ] =

����
P [i 2 X ] Kij
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I Build the N ⇥ N projection kernel K = A

T [AA

T]�1
A

I If X ⇠ DPP(K),
I |X | a.s.

= r

I For B = {i1, . . . , ir},

P [X = B] / |det A:B |2 = Vol2 {pqi�i ; i 2 B}

I DPP(K) has support
B , {B ; |B| = r , det A:B 6= 0}

i.e. collection of columns of A forming a basis
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Definitions - Properties

One example
Uniform spanning trees (Lyons, 2003)

a

b

c

d

e1

e3

e4

a

b

c

d

e1 e2

e3

a

b

c

d

e1 e2

e3

e4

e5

Vertex-edge incidence matrix

2

664

e1 e2 e3 e4 e5

a �1 �1 0 0 0
b 1 0 �1 �1 0
c 0 0 1 0 �1
d 0 1 0 1 1

3

775

6 / 16



Definitions - Properties

One example
Uniform spanning trees (Lyons, 2003)

a

b

c

d

e1

e3

e4

a

b

c

d

e1 e2

e3

a

b

c

d

e1 e2

e3

e4

e5

A =

2

664

e1 e2 e3 e4 e5

a �1 �1 0 0 0
b 1 0 �1 �1 0
c 0 0 1 0 �1
d 0 1 0 1 1

3

775

6 / 16



Definitions - Properties

One example
Uniform spanning trees (Lyons, 2003)

a

b

c

d

e1

e3

e4

a

b

c

d

e1 e2

e3

a

b

c

d

e1 e2

e3

e4

e5

A =

2

664

e1 e2 e3 e4 e5

a �1 �1 0 0 0
b 1 0 �1 �1 0
c 0 0 1 0 �1
d 0 1 0 1 1

3

775

K = A

T [AA

T]�1
A

6 / 16



Definitions - Properties

One example
Uniform spanning trees (Lyons, 2003)

a

b

c

d

e1

e3

e4

a

b

c

d

e1 e2

e3

a

b

c

d

e1 e2

e3

e4

e5

A =

2

664

e1 e2 e3 e4 e5

a �1 �1 0 0 0
b 1 0 �1 �1 0
c 0 0 1 0 �1
d 0 1 0 1 1

3

775

I DPP(K) is a measure on the edge set of G

I B = collection of spanning trees of G

I P [X = B] =
|det A:B |2
det AA

T
=

1
|B|1B2B

K = A

T [AA

T]�1
A

Rk: Unimodularity, transfer current matrix, matrix tree theorem, Laplacian solvers 6 / 16



Sampling

Exact sampling
I From r ⇥ N feature matrix A =

�
�1| . . . |�N

�

I To N ⇥ N projection kernel K = A

T [AA

T]�1
A

Exact sampling (Hough et al., 2006; Kulesza & Taskar, 2012)

Sample X ⇠ DPP(K)

I Marginals
P [X = B] = det KB

I Chain rule, J = {i1, . . . , ik}
P [ik+1 = i |J ] / Kii � Ki,JKJ

�1
KJ,i

I Costly: eigen-decomposition + Gram-Schmidt = O(N3 + Nr

2)

Rk: Uniform spanning trees (Aldous, 1990; Propp & Wilson, 1998), generation of mazes 7 / 16



Sampling

Approximate sampling - 1
I From r ⇥ N feature matrix A =

�
�1| . . . |�N

�

Approximate sampling (Anari et al., 2016; Li et al., 2016)

Build a Markov chain, B , A:B

I State space B , {B ; det B 6= 0}
I Stationary distribution

/ |det B|2 = Vol2 {�i ; i 2 B} · 1B2B

I Basis-exchange graph
I

B $ B

0 = (B \ {i}) [ {j}
I Full analysis: polynomial mixing time
I Local and correlated moves on B

Rk: Basis-exchange graph (Feder & Mihail, 1992), matroid theory (Oxley, 2003) 8 / 16
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Sampling

Approximate sampling - 2
I From r ⇥ N feature matrix A =

�
�1| . . . |�N

�

Approximate sampling (G., Bardenet & Valko, 2017)

Build a Markov chain, B , A:B

I State space B , {B ; det B 6= 0}
I Stationary distribution

/ |det B|2 = Vol2 {�i ; i 2 B} · 1B2B

I Wander in a continuous embedding of B
I Geometrical representation of B
I More decorelated moves, empirically faster mixing
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Sampling
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Sampling

Continuous embedding of the state space B
Volume spanned by feature vectors

Z(A) , A[0, 1]N

admits a natural tiling (Dyer & Frieze, 1994), B , A:B

VolZ(A) =
X

B2B

Vol B =
X

B2B

|det B|
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Sampling

Random walk on B i.e. on tiles
I From r ⇥ N feature matrix A =

�
�1| . . . |�N

�

I Limiting distribution, B , A:B

P [X = B] / Vol2 B · 1B2B

I State space B , {B ; det B 6= 0}
I Continuous embedding of B via tiling of Z(A) = A[0, 1]N
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Sampling

Random walk on B i.e. on tiles
Underlying continuous walk

I Z(A) is a polytope (convex)
I Hit-and-run is e�cient for convex bodies (Lovász & Vempala, 2003)
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Sampling

Random walk on B i.e. on tiles
Continuous random walk on Z(A)

Discrete random walk on B

I Identify the tile in which x lies

min
y2RN

c

T
y

s.t. Ay = x

0  y  1

I
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Some experiments

Behaviour of our chain
Relative error of the estimation of P [{i1, i2, i3} ✓ X ] = det K{i1,i2,i3}

I Better mixing
I More decorelated

Fast sampling of projection DPPs?
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Some experiments

Summarizing a news article from Slate
Find Y to maximize (Kulesza & Taskar, 2012)

Z
Rouge-1F(Y , Z )DPP(Z )dZ ⇡ 1

N

NX

i=1
Rouge-1F (Y , Yi)

where Yi are samples from our Markov chain

Figure 1: Estimation of the integrated cost
15 / 16
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