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Abstract

Compare two DPP-based estimators of∫
X
f (x)µ(dx) ≈

N∑
n=1

ωn(x1, . . . ,xN)f (xn)

•Bardenet & Hardy (BH, 2019), see (3)
• in new experimental regimes (larger N , ...)

•Ermarkov & Zolotukhin (EZ, 1960), see (4)
• analysis from DPP viewpoint
• slight extension of the origianl result
• new short and simple proof

Provide a sampler for a specific DPP
DPPy: DPP sampling with Python
github.com/guilgautier/DPPy
JMLR-MLOSS, in press, 2019.

If f is sparse or has fast-decaying coefficients in
a given basis then adapt your DPP kernel and
go for EZ, otherwise it is safer to use BH

Setup: projection DPPs

{x1, . . . ,xN} ∼ projection DPP(µ,K)
• Repulsive random set of points
• joint distribution of (x1, . . . ,xN)

1
N !

det
(
K (xn, xp)

)N
n,p=1

µ⊗N(dx) (1)

• K : X× X→ R projection kernel

K(x, y) ,
N−1∑
k=0

φk(x)φk(y),

where 〈φk, φ`〉 ,
∫
X φk(x)φ`(x)µ(dx) = δk`

• reference measure µ on X

The multivariate Jacobi ensemble

•X =[−1, 1]d

•µ = ω(x) dx = Beta(a1, b1)⊗ · · · ⊗ Beta(ad, bd)
•φk(x) = product of Jacobi polynomials

Sampling projection DPPs

Sampling ≡ sequential Gram-Schmidt orthogonalization of feature vectors Φ(x1), . . . ,Φ(xN)
where K(x, y) = Φ(x)TΦ(y), with Φ(x) = (φ0(x)), . . . , φN−1(x)).
Apply the chain rule to sample (x1, . . . ,xN) and forget the order the points were selected

(1) = ‖Φ(x1)‖2

N
ω(x1) dx1

N∏
n=2

distance2(Φ(xn), span{Φ(xp)}n−1
p=1
)

N − (n− 1)
ω(xn) dxn (2)

Sampling the Jacobi ensemble

• d = 1: eigvals of a random
(xx 00 0x

0 00
)
matrix

•d ≥ 2: chain rule (2) with rejection sampling

x1 :

{
proposal density ωeq(x) dx
rejection constant . 2d

xn | x1:n−1 ∼

{
proposal N−1K(x, x)ω(x) dx
rejection constant N

N−(n−1)

Total number of rejections ≈ 2dN log(N)

First estimator (BH, 2019)

Î BH
N (f ) ,

N∑
n=1

1
K(xn,xn)

f (xn) (3)

interpretable ωn(xn) ≡ random Gaussian quadrature

•E
[
Î BH
N

]
=
∫
X f (x)µ(dx) unbiased

•Var
[
Î BH
N

]
= 1

2
∫
X2

(
f (x)
K(x,x) −

f (y)
K(y,y)

)2
K(x, y)2µ(dx)µ(dy)

Fast Central Limit Theorem
√
N 1+1/d

(
Î BH
N −

∫
[−1,1]d f (x)ω(x) dx

)
law−−−→

N→∞
N
(

0,Ω2
f,ω

)
with Ω2

f,ω , 1
2
∑

k(k1 + · · · + kd) F
[
f ω
ωeq

]
(k)2

Second estimator (EZ, 1960)

Let f =
∑M−1

`=0 〈f, φ`〉φ`, 1 ≤M ≤ ∞

Take {x1, . . . ,xN}∼DPP(µ,
∑N−1

k=0 φk(x)φk(y))
Solve the linear systemφ0(x1) . . . φN−1(x1)

... ...
φ0(xN) . . . φN−1(xN)

 y1
...
yN

 =

 f (x1)
...

f (xN)


Get unbiaised estim° of "Fourier coeffs"

•E
[
yk
]

= 〈f, φk−1〉 =
∫
X f (x)φk−1(x)µ(dx)

with interpretable & practical variance

•Var
[
yk
]

= ‖f‖2 −
∑N−1

`=0 〈f, φ`〉
2= 0 if N ≥M

• Cov[yj, yk] = 0, j 6= k

When φ0 is constant, e.g., Jacobi ensemble

Î EZ
N (f ) , y1

φ0
= µ

(
X)1/2 det Φφ0←f

det Φ (4)

non obvious ωn(x1, . . . ,xn) ≶ 0
∑N

n=1ωn = µ(X)

•E
[
Î EZ
N

]
=
∫
X f (x)µ(dx) unbiased

•Var
[
Î EZ
N

]
= µ(X)×

M−1∑
`=N
〈f, φ`〉2 = 0 if N ≥M

with the Jacobi ensemble

Experiments

f = smooth bump function, d = 1, 2, 3, 4

101 102 N

10 19

10 15

10 11

10 7

10 3
ar

BH -2.0, 0.99
EZ -15.4, 0.97
iid -1.0, 0.98

102 N

10 6

10 5

10 4

10 3

ar

BH -1.5, 0.98
EZ -3.1, 0.95
iid -1.0, 0.98

102 N

10 4

10 3

ar

BH -1.5, 0.99
EZ -1.2, 0.80
iid -1.0, 0.98

102 N
10 5

10 4

10 3ar

BH -1.2, 0.96
EZ -1.0, 0.64
iid -1.1, 0.97

Var
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N
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= O(N−(1+1/d)) Î EZ

N : - d ≤ 2, d ≥ 3 ,

f =
∑M−1

k=0 〈f, φ〉φk, M = 70, d = 2, 4
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f =
∑M−1

k=0
1
k+1φk, M = N + 1, d = 2, 4
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